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The paper presents the theoretical part of a method for identifying constitutive parameters involved in the modified Oyane ductile
fracture criterion at high temperature. Quite a general rigid viscoplastic model is adopted to describe material behavior.The ductile
fracture criterion is in general path-dependent and involves stresses. Therefore, the identification of constitutive parameters of this
criterion is a difficult task which usually includes experimental research and numerical simulation. The latter requires a precisely
specified material model and boundary conditions. It is shown in the present paper that for a wide class of material models usually
used to describe the behavior of materials at high temperatures, the criterion is significantly simplified when the site of fracture
initiation is located on traction free surfaces. In particular, this reduced criterion does not involve stresses. Since there are well
established experimental procedures to determine the input data for the reduced criterion, the result obtained can be considered as
a theoretical basis for the efficient method for identifying constitutive parameters of the modified Oyane ductile fracture criterion
at high temperature. The final expression can also be used in computational models to increase the accuracy of predictions.
1. Introduction
Empirical ductile fracture criteria are widely used by prac-
tically working engineers to predict the initiation of ductile
fracture in metal forming processes. Reviews of such criteria
for cold metal forming processes are provided in [1–3]. Most
of these criteria include a path-dependent integral whose
integrand contains invariants of the stress tensor. There-
fore, the identification of constitutive parameters of ductile
fracture criteria in general requires numerical simulation of
forming processes which is impossible without a precisely
specified material model and boundary conditions. These
input data affect the result of numerical simulation. An
alternative method of identifying constitutive parameters
of two widely used cold ductile fracture criteria has been
proposed in [4, 5]. This method is applicable when the
fracture initiation occurs at traction free surfaces and the final
expressions are finite relations between two in-surface strains
or the equivalent strain and two in-surface strains. In the case
of hot forming, many experimental results indicate a sharp
drop of the strain to fracture at a certain level of temperature
and strain rate [6–8]. In the range of temperatures and strain
rates where this drop does not occur, hot ductile fracture
criteria are often accepted as modifications of cold ductile
fracture criteria in which constitutive parameters depend
on temperature and strain rate [6, 9–13]. In particular, the
criterion proposed in [14] for cold metal forming has been
modified in [10, 13] to account for temperature and strain
rate effects. Experimental verification of the applicability of
this modified ductile fracture criterion to several materials
has been provided in these papers as well. An efficient
method for identifying constitutive parameters involved in
the original criterion [14] has been proposed in [4]. However,
this method is based on a rigid hardening material model
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which is not adequate for describing hotmetal forming. In the
present paper, the method [4] is extended to quite a general
viscoplastic model.
2. Constitutive Equations
Rigid viscoplastic solids are often used to describe the
behavior of material in hot metal forming processes (see, e.g.,
[15]). The constitutive equations of such solids are the yield
condition and its associated flow rule. A widely adopted yield
condition is
𝜎eq = 𝜎0Φ(𝜉eq, 𝜀eq) , (1)
where 𝜎
0
is a reference stress, 𝜎eq is the equivalent stress, 𝜉eq
is the equivalent strain rate, and 𝜀eq is the equivalent strain.
The quantities 𝜎eq, 𝜉eq, and 𝜀eq are defined by
𝜎eq = √
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(2)
where 𝜎
𝑖𝑗
are the components of the stress tensor, 𝜉
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the components of the strain rate tensor,𝑡 is the time, 𝜏
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)/3 is the hydrostatic stress, and 𝛿
𝑖𝑗
is Kronecker’s
symbol.With no loss of generality it is possible to assume that
Φ(0, 0) = 1. Then, 𝜎
0
is the yield stress in uniaxial tension at
𝜉eq = 0 and 𝜀eq = 0. The flow rule associated with the yield
condition (1) results in
𝜉
𝑖𝑗
= 𝜆𝜏
𝑖𝑗
, (3)
where 𝜆 is a nonnegative multiplier. Using (1) this multiplier
can be eliminated in (3) to give
𝜉
𝑖𝑗
=
3
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𝜉eq𝜏𝑖𝑗
𝜎
0
Φ(𝜉eq, 𝜀eq)
. (4)
The ductile fracture criterion applicable at high temperatures
and strain rates is [13]
∫
𝑡𝑓
0
(1 +
𝜎
𝐵𝜎eq
)𝜉eq𝑑𝑡 = 𝐶 (𝜉eq, 𝑇) , (5)
where 𝑡 is the time, 𝑡
𝑓
is the value of 𝑡 at the instant of fracture
initiation, and 𝐵 is a material constant. 𝐶 depends on the
equivalent strain rate and temperature,𝑇.The ductile fracture
criterion (5) is amodification of the criterion proposed in [14]
for cold metal forming processes. It is worthwhile of noting
that the model chosen demands that the principal axes of the
stress and strain rate tensors coincide.
3. Free Surface Fracture
Assume that fracture initiates at a point of a traction free
surface. It is evident that one of the principal stress directions
is orthogonal to this surface. Therefore, one of the principal
strain rate directions is also orthogonal to this surface and
an infinitesimal material fiber coinciding with this principal
direction at the initial instant is fixed in the material. Let 𝜉
1
be the principal strain rate associated with this direction. In
this special case
𝜀
1
= ∫
𝑡
0
𝜉
1
𝑑𝑡, (6)
where 𝜀
1
is the principal logarithmic strain. Equation (6) is
valid at any large strain. The principal stress orthogonal to
the free surface vanishes; 𝜎
1
= 0. It follows from this equation
that
𝜎 = −𝜏
1 (7)
at the free surface. Substituting (7) into (5) and using (1) give
∫
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] 𝜉eq𝑑𝑡 = 𝐶 (𝜉eq, 𝑇) . (8)
It follows from (4) that
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Replacing the integrands in (8) by means of (9) leads to
∫
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Using (2) and (6) integration in this equation can be carried
out analytically to give
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= 𝐶 (𝜉eq, 𝑇) ,
(11)
where 𝜀𝑓eq and 𝜀
𝑓
1
are the values of 𝜀eq and 𝜀1, respectively, at the
instant of fracture initiation. Let 𝜀
2
and 𝜀
3
be the in-surface
principal logarithmic strains and let 𝜀𝑓
2
and 𝜀𝑓
3
be their values
at the instant of fracture initiation, respectively. It follows
from the incompressibility equation that 𝜀𝑓
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Using this equation, 𝜀𝑓
1
can be eliminated in (11) to give
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(12)
This relation is the fracture criterion at the free surface.
Its remarkable property is that the left hand side of (12)
is independent of stress components. The in-surface finite
strains at the instant of fracture initiation can be found using
high speed photography [12]. The equivalent strain is in
general path-dependent. Therefore, the strain path should
be determined to calculate 𝜀𝑓eq. However, since the material
is supposed to be incompressible, it is sufficient to find the
dependence of 𝜀
2
on 𝜀
3
[16]. This dependence can be found
using high speed photography.
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4. Conclusions
The main result of the present paper is that the ductile
fracture criterion (5) involving stresses reduces to (12) when
the initiation of fracture occurs at a point of a traction
free surface. Equation (12) is simply a relation between the
equivalent strain and two in-surface strains. Therefore, there
is no need to find experimentally and numerically the state of
stress at the site of fracture initiation.On the contrary, (12) can
be used in numerical codes.This should increase the accuracy
of predictions because there is no need to calculate the state
of stress at the site of fracture initiation. As an example, it is
instructive to apply (12) to theoretical/experimental results
obtained in [17]. In this work the finite element method
and compression of cylindrical specimens of Ti40 alloy were
used to identify the constitutive parameters of the fracture
criterion (5) at 𝐵 = 2/3. As a result, it has been found (in
our nomenclature) that
∫
𝑡𝑓
0
(1 +
3𝜎
2𝜎eq
)𝜉eq𝑑𝑡 = 2.227 − 0.0493 ln𝑍. (13)
Here 𝑍 is the Zener-Hollomon parameter which is a tem-
perature compensated strain rate. Using (12), it is possible to
control the accuracy of (13) by means of simpler methods
than those applied in [17]. In particular, (13) takes the
following form:
𝜀
𝑓
eq + 𝜀
𝑓
2
+ 𝜀
𝑓
3
= 2.227 − 0.0493 ln𝑍. (14)
According to experimental results presented in [17] the
equivalent strain to fracture is a linear function of ln𝑍.These
data are in agreement with (14) if and only if strain paths in
the experiment are linear or, at least, close enough to linear.
Of course, this condition should be verified by experiment.
However, it is worthwhile of noting that strain paths in cold
upsetting are usually convex down [18–20].
Equation (12) has been derived for quite a general vis-
coplastic model. Therefore, there is no need to specify the
model to apply this equation in conjunction with experi-
mental data. Finally, boundary conditions have no effect on
this equation. Obviously, some boundary conditions such
as a friction boundary condition have a great effect on the
initiation of ductile fracture. However, all these possible
effects are automatically taken into account in the measured
values of the in-surface principal strains. To summarize, it is
believed that the aforementioned mathematical properties of
the ductile fracture criterion considered provide a theoretical
basis for an efficient theoretical/experimental method for
the identification of constitutive parameters of the ductile
fracture criterion [13] at high temperature.
The general method of analysis used in the present
paper has been also adopted in [21] to reduce the modified
Cockcroft-Latham ductile fracture criterion to a simple form
not involving stresses. However, the basic assumptions and
final results are quite different. In particular, in the case of
the modified Cockcroft-Latham ductile fracture criterion the
general method is applicable if and only if the site of fracture
initiation coincides with the point of intersection of two
planes of symmetry and a traction free surface. On the other
hand, (12) is valid at any point of a traction free surface. This
difference may affect the choice of specimens for experiment.
Moreover, (12) involves the equivalent strain which is a path-
dependent integral whereas the final expression in [18] is a
relation between two finite in-surface strains at the instant
of fracture initiation. This difference may affect the choice of
experimental techniques to measure kinematic variables.
The main assumption to derive (12) from the fracture
criterion (5) is that the site of fracture initiation is located at a
traction free surface.This condition is satisfied in many sheet
forming processes. Therefore, the simplified ductile fracture
criterion in the form of (12) can be directly adopted to predict
the initiation of ductile fracture in such processes.
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